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Abstract

We present in this paper a new type of self-reference functional integro-differential equation with a nonlocal initial
condition. Also, we present a nonlocal problem of the functional integro-differential equation with the infinite point
boundary condition for more generalization. An integral representation equivalent to the functional integro-differential
equation is obtained to use the theorems needed for proving the existence, and uniqueness. Then we prove the contin-
uous dependence of the solution on the nonlocal parameter and the initial data of the equation. To prove the existence of
the solution of the equation we present the Schauder fixed point theorem for both finite and infinite boundary conditions,
and to prove that this solution is unique we use the Banach fixed point theorem. At last, we produce an example of a self-
reference functional integro-differential equation with a nonlocal initial condition to discuss the solution of that equation.

Keywords: Functional equations, Existence of solutions, Continuous dependence, Stateedependence, Self-reference

1. Introduction

T he nonlocal problem of functional differential
equations has been studied by several

researchers.
See for example Zhong and Zhang (2016); Srivas-

tava et al. (2018); Zhang et al. (2018); El-Sayed and
Ahmed (2020). Also, several studies devoted to such
differential equations have lately been published.
For instance Kolomogorov et al. (1975); Eder

(1984); Goebel and Kirk (1990); Wang (1990); Feckan
(1993); Buica (1995); Stanek (1997); Stanek (2002);
Berinde (2010); Zhang and Gong (2014); Darwish
and Araz (2015).
In El-Deeb et al. (2019); El-Deeb et al. (2020a,b,c); Ali

et al. (2023), the authors explored integral in-
equalities, which offer explicit bounds on unknown
functions, have proven to be valuable in exploring the

qualitative properties of solutions in differential, in-
tegral, and integro-differential equations.
This paper is devoted to proving the existence and

uniqueness of the nonlocal problem of functional
integro-differential equation in the form8>>>>><
>>>>>:

dz
dh

ðhÞ ¼ 4

�
h;z

�Z f1ðhÞ

0
h1ðu;zðuÞÞdu

�
;

z
�Z f2ðhÞ

0
h2ðu;zðuÞÞdu

��
; h2I ¼ ð0;T�

zð0Þ þ
Xm
k¼1

akzðtkÞ ¼ z0; tk2I:

ð1:1Þ

The existence of continuous solution z 2 C[0, T]
under assumptions on the functional 4, h1 and h2 is
studied. The uniqueness of the solution can be
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deduced when 4, h1 and h2 satisfy the Lipschitz
condition. The continuous dependence of the
unique solution on both the nonlocal parameter ak
and the initial data z0 is proved.
Moreover, as an application, we study the

nonlocal problem of functional integro-differential
equation with the infinite-point boundary condition

Here are some assumptions which, we will use
later in our main result:
ðH1Þ 4 : ½0;T� � R2/R satisfies Carath�eodory

condition. There exists a function c(h) 2 L1[0, T] is
bounded and b > 0, such that

j4ðh;a;bÞj � cðhÞ þ bjaj þ bjbj; jcðhÞj �M;

ðH2Þ hi : ½0;T� � R/R satisfies Carath�eodory
condition, such that

jhiðh;aÞj � 1; ci¼ 1;2;

ðH3Þ 2bT(1 � Y�1) < 1, where Y�1 ¼ 1
1þ
Pm

k¼1
ak
;

ak > 0,
ðH4Þ fi: [0, T] / [0, T] are continuous and

nondecreasing, ci ¼ 1, 2,
ðH5Þ 4 : ½0;T� � R2/R is measurable in h and

satisfies the Lipschitz condition

j4ðh;u1;u2Þ �4ðh;v1;v2Þj � b
X2
i¼1

jui � vij; cui;vi2R;

ðH6Þ hi : ½0;T� � R/R is measurable in h and
satisfies the Lipschitz condition

jhiðh;aÞ � hiðh;uÞj � bija� uj; cbi>0; i

¼ 1;2; a;u2R;

ðH7Þ l < 1, where l ¼ 2bLT2(b1 þ b2)
(2 � Y�1) þ 4bT,
ðH8Þ For all z2 C[0, T], there exists K > 0 such that

kzk � K,
ðH9Þ

R T
0 jhiðw; 0Þjdw ¼ M1, M1 > 0, ci ¼ 1, 2.

2. Methods

This section is devoted to presenting some basic
definitions and theorems which are needed in our
main results.

Definition 2.1. (See Kolomogorov et al. (1975)). A set
M 3 L is said to be convex if whenever it contains
two points z and x, it also contains the segment
joining z and x.

Definition 2.2. (See Kolomogorov et al. (1975)). A
family F of functions f defined on a closed interval
[a, b] is said to be uniformly bounded if there exists a
number K > 0 such that

jfðzÞj � K

for all z 2 [a, b] and all f 2 F.

Definition 2.3. (See Kolomogorov et al. (1975)). A
family F of functions f defined on a closed interval
[a, b] is said to be equicontinuous if given any 3 > 0,
there exists a number d > 0 such that jz0 � z00j < d

implies

jfðz0Þ �fðz00 Þj< 3

for all z0, z00 2 [a, b] and all f 2 F.

Theorem 2.1. [Kolomogorov et al., 1975, Arzel�a] A
necessary and sufficient condition for a family F of
continuous functions f defined on a closed interval [a, b]
to be relatively compact in C[a, b] is that F be uniformly
bounded and equicontinuous.

Theorem 2.2. [Kolomogorov et al., 1975, Lebesgue's
Bounded Convergence] Let {fn} be a sequence of functions
converging to a limit f on A, and suppos

jfnðzÞj � fðzÞ ðz2A;n¼ 1;2;…Þ;

where f is integrable on A . Then f is integrable on A and

8>>>><
>>>>:

dz
dh

ðhÞ ¼ 4

�
h;z

�Z f1ðhÞ

0
h1ðu;zðuÞÞdu

�
;z

�Z f2ðhÞ

0
h2ðu;zðuÞÞdu

��
; h2I

zð0Þ þ
X∞
k¼1

akzðtkÞ ¼ z0; tk2I; if
X∞
k¼1

ak is convergent:

ð1:2Þ
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lim
n/∞

Z
A
fnðzÞdm¼

Z
A
f ðzÞdm:

Theorem 2.3. [Kolomogorov et al., 1975, The Fixed Point]
Let A be a mapping of a metric spaceR into itself. Then z is
calledafixedpoint ofA ifAx¼ z, i.e., ifA carriesz into itself.

Theorem 2.4. [Goebel and Kirk, 1990, Schauder Fixed
Point] Let U be a convex subset of a Banach space X, and
T: U / U is compact, continuous map. Then T has at
least one fixed point in U.

Definition 2.4. T: U / U is called a contraction
operator if there is a constant K 2 [0, 1) such that

jTðu1Þ � Tðu2Þj � Kju1 � u2j
for each u1, u2 2 U.

Theorem 2.5. [Goebel and Kirk, 1990, Banach Fixed
Point] Let U be a closed subset of a Banach space Y and T:
U / U be a contraction, then T has a unique fixed point.

Definition 2.5. The solution z 2 AC[0, T] of the
nonlocal problem 1.1 depends continuously on ak
and z0, if

c3>0; dd1ð3Þ;d2ð3Þ u:h; jak � a*kj<d1; jz0
� z*0j<d20kz� z*k< 3;

where z* is the solution of the nonlocal problem

3. Results and discussion

The equivalence of (1.1) and an integral equation
is given in the following lemma.

Lemma 3.1. Let H1 �H4 be satisfied. Then z solves
(1.1) iff

where Y�1 ¼ 1
1þ
Pm

k¼1
ak
; ak > 0.

Proof. Let z be a solution of the boundary value
problem of functional differential equation (1.1),
integrating both sides of (1.1) we obtain

zðhÞ ¼zð0Þ þ
Z h

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;

z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du

ð3:2Þ

Using the nonlocal condition (1.1), we obtain

Xm
k¼1

akxðtkÞ ¼ zð0Þ
Xm
k¼1

ak

þ
Xm
k¼1

ak

Z tk

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;

z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du¼ z0 � zð0Þ

then

zð0Þ
 
1þ

Xm
k¼1

ak

!
¼ z0

�
Xm
k¼1

ak

Z tk

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;

z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du

8>>>><
>>>>:

dz*

dh
ðhÞ ¼ 4

�
h;z*

�Z f1ðhÞ

0
h1ðu;z*ðuÞÞdu

�
;z*
�Z f2ðhÞ

0
h2ðu;z*ðuÞÞdu

��
; h2ð0;T�

zð0Þ þ
Xm
k¼1

a*kz
*ðtkÞ ¼ z*0; tk2ð0;TÞ:

ð2:1Þ

zðhÞ ¼ Y�1

"
z0 �

Xm
k¼1

ak

Z tk

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞ Þdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞ Þdw

��
du

#

þ
Z h

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du

ð3:1Þ
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then we obtain

Then

using equations (3.2)-(3.3), we deduce

Also, differentiation of equation (3.1) we obtain

zð0Þ ¼ 1
1þPm

k¼1ak

"
z0 �

Xm
k¼1

ak

Z tk

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du

#

zð0Þ¼Y�1

"
z0�

Xm
k¼1

ak

Z tk

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du

#
ð3:3Þ

zðhÞ ¼ Y�1

"
z0 �

Xm
k¼1

ak

Z tk

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du

#

þ
Z h

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du

dz
dh

¼ d
dh

(
Y�1

"
z0 �

Xm
k¼1

ak

Z tk

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du

#)

þ d
dh

�Z h

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du
�

¼ 0þ d
dh

�Z h

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du
�

¼ 4

�
h;z

�Z f1ðhÞ

0
h1ðu;zðuÞÞdu

�
;z

�Z f2ðhÞ

0
h2ðu;zðuÞÞdu

��
:
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Also from integral equation (3.1) we obtain

and

Then

Using Schauder Fixed Point, Theorem 2.4 to
establish the existence of at least one solution of (1.1)
is shown in the following theorem.

zðtkÞ ¼ Y�1

"
z0 �

Xm
k¼1

ak

Z tk

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du

#

þ
Z tk

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du

Xm
k¼1

akxðtkÞ ¼ Y�1
Xm
k¼1

ak

"
z0 �

Xm
k¼1

ak

Z tk

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�

;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du
�

þ
Xm
k¼1

ak

Z tk

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du

zð0Þ þ
Xm
k¼1

akxðtkÞ ¼ Y�1

"
z0 �

Xm
k¼1

ak

Z tk

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�

;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du
�

þY�1
Xm
k¼1

ak

"
z0 �

Xm
k¼1

ak

Z tk

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du

#

þ
Xm
k¼1

ak

Z tk

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du

¼ Y�1

 
1þ

Xm
k¼1

ak

!"
z0 �

Xm
k¼1

ak

Z tk

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du

#

þ
Xm
k¼1

ak

Z tk

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du

¼ z0 �
Xm
k¼1

ak

Z tk

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du

þ
Xm
k¼1

ak

Z tk

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du

¼ z0
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Theorem 3.2. Let H1 - H5 be satisfied, then (1.1) has at
least one solution.

Proof. Define the operator J associated with the
integral equation (3.1) as

and define the set SL by

SL ¼fz2R : jzðhÞ�zðuÞj � Ljh�uj ch;u2½0;T�g;

L ¼ Mþ2bE�1
��z0��

1þ2bTE�1�4bT

Then we have for z 2 C[0, T]

JzðhÞ ¼ Y�1

"
z0 �

Xm
k¼1

ak

Z tk

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du

#

þ
Z h

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du

�����JzðhÞ
����� ¼

�����Y�1

"
z0 �

Xm
k¼1

ak

Z tk

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du

#

þ
Z h

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du
����

� Y�1jz0j þY�1
Xm
k¼1

ak

Z tk

0

�����4
�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

������du
þ

Z h

0

����4
�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

������du
� Y�1jz0j þY�1

Xm
k¼1

ak

Z tk

0
cðuÞduþ bE�1

Xm
k¼1

ak

Z tk

0

����z
�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�����du
þ bE�1

Xm
k¼1

ak

Z tk

0

����z
�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

�����duþ
Z h

0
cðuÞdu

þ b
Z h

0

����z
�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�����duþ b
Z h

0

����z
�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

�����du
� Y�1jz0j þY�1

Xm
k¼1

ak

Z tk

0
cðuÞduþ bE�1

Xm
k¼1

ak

Z tk

0

����z
�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
� zð0Þ

����du
þ bE�1

Xm
k¼1

ak

Z tk

0

����z
�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

�
� zð0Þ

����duþ 2bE�1
Xm
k¼1

ak

Z tk

0
jzð0Þjdu

þ
Z h

0
cðuÞduþ b

Z h

0

����z
�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
� zð0Þ

����du
þ b

Z h

0

����z
�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

�
� zð0Þ

����duþ 2b
Z h

0
jzð0Þjdu

� Y�1jz0j þMT
	
1�Y�1


þ bLE�1
Xm
k¼1

ak

Z tk

0

�����
Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�����du
þ bLE�1

Xm
k¼1

ak

Z tk

0

�����
Z f2ðuÞ

0
h2ðw;zðwÞÞdwjduþ 2bTjzð0Þ

�����	1�Y�1



þ MT þ bL
Z h

0

����
Z f1ðuÞ

0
h1ðw;zðwÞÞdw

����du
þ bL

Z h

0

����
Z f2ðuÞ

0
h2ðw;zðwÞÞdw

����duþ 2bTjzð0Þj
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Using equation (3.3) we obtain

jzð0Þj ¼
�����Y�1

"
z0 �

Xm
k¼1

ak

Z tk

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��#
du

�����
� Y�1jz0j þY�1

Xm
k¼1

ak

Z tk

0

����4
�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

������du
� Y�1jz0j þY�1

Xm
k¼1

ak

Z tk

0

�
cðuÞ þ b

����z
�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�����þ b
����z
�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

�����
�
du

� Y�1jz0j þY�1
Xm
k¼1

ak

Z tk

0

�
cðuÞ þ b

����z
�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
� zð0Þ

����
þ b
����z
�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

�
� zð0Þ

����þ 2b
��zð0Þ�� �du

� Y�1jz0j þY�1
Xm
k¼1

ak

Z tk

0

�
cðuÞ þ bL

����
Z f1ðuÞ

0
h1ðw;zðwÞÞdw

����
þ bL

����
Z f2ðuÞ

0
h2ðw;zðwÞÞdw

����þ 2b
��zð0Þ�� �du

� Y�1jz0j þY�1
Xm
k¼1

ak

Z tk

0

�
cðuÞ þ bL

Z f1ðuÞ

0
jh1ðw;zðwÞÞ jdwþ bL

Z f2ðuÞ

0
jh2ðw;zðwÞÞ jdw

þ2bjzð0Þj�du
� Y�1jz0j þ

�
MT þ 2bLT2 þ 2bT

��zð0Þ��Y�1
Xm
k¼1

ak ¼ Y�1jz0j þ
�
MT þ 2bLT2 þ 2bT

��zð0Þ��	1�Y�1



� Y�1jz0j þMT
	
2�Y�1


þ bLE�1
Xm
k¼1

ak

Z tk

0

Z f1ðuÞ

0
jh1ðw;zðwÞÞjdwdu

þ bLE�1
Xm
k¼1

ak

Z tk

0

Z f2ðuÞ

0
jh2ðw;zðwÞÞjdwduþ bL

Z h

0

Z f1ðuÞ

0
jh1ðw;zðwÞÞjdwdu

þ bL
Z h

0

Z f2ðuÞ

0
jh2ðw;zðwÞÞjdwduþ 2bTjzð0Þj	2�Y�1




� Y�1jz0j þMT
	
2�Y�1


þ 2bLT2
	
2�Y�1


þ 2bTjzð0Þj	2�Y�1

 ð3:4Þ
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Then

jzð0Þj � Y�1
��z0��þMT þ 2bLT2 �MTE�1 � 2bLT2Y�1

1� 2bT þ 2bTE�1

¼N:

ð3:5Þ

From equations (3.4)e(3.5), we obtain

Now let h1, h2 2 (0, T], such that jh2 � h1j < d, then

jJzðhÞj � Y�1jz0j þ
	
2�Y�1


�
MT þ 2bLT2 þ 2bT*

Y�1
��z0��þMT þ 2bLT2 �MTE�1 � 2bLT2Y�1

1� 2bT þ 2bTE�1

�

� Y�1jz0j þ
�
MT þ 2bLT2 þ 2bT

��z0��Y�1

1� 2bT þ 2bTE�1

�	
2�Y�1




¼ Y�1
��z0��þMT �MTE�1 þ 2bLT2 � 2bLT2Y�1

1� 2bT þ 2bTE�1
þ
�
Mþ 2bLT þ 2bE�1

��z0��
1� 2bT þ 2bTE�1

�
T

¼ Y�1
��z0��þMT �MTE�1 þ 2bLT2 � 2bLT2Y�1

1� 2bT þ 2bTE�1
þ LT

jJzðh2Þ �Jzðh1Þj

¼
�����
Z h2

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du

�
Z h1

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du

�����
�
Z h2

h1

����4
�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

������du
�
Z h2

h1

�
cðuÞ þ b

����z
�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�����þ b
����z
�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

�����
�
du

�
Z h2

h1

�
cðuÞ þ b

����z
�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
� zð0Þ

����þ b
����z
�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

�
� zð0Þ

����þ 2b
����zð0Þ

����
�
du

�
Z h2

h1

�
cðuÞ þ bL

Z f1ðuÞ

0
jh1ðw;zðwÞÞ jdwþ bL

Z f2ðuÞ

0
jh2ðw;zðwÞÞ jdwþ 2b

��zð0Þ�� �du
�Mðh2 � h1Þ þ 2bLTðh2 � h1Þ þ 2bjzð0Þjðh2 � h1Þ

�Mðh2 � h1Þ þ 2bLTðh2 � h1Þ þ 2bðh2 � h1Þ
�
Y�1
��z0��þMT þ 2bLT2 �MTE�1 � 2bLT2Y�1

1� 2bT þ 2bTE�1

�

� ðh2 � h1Þ
�
Mþ 2bLT þ 2bE�1

��z0��
1þ 2bTE�1 � 2bT

�
� Ld
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This proves that J: Sl / SL, and the class {Jz} is
uniformly bounded and equi-continous in SL.
Let zn 2 SL, zn / z(n / ∞), then from continuity

of 4 and hi, we obtain
4(h, zn(h), xn(h)) / 4(h, z(h), x(h)), and hi(h, zn(h))

/ hi(h, z(h)) ci ¼ 1, 2.
Also

jJðznÞðhÞ �JðzÞðhÞj ¼ jY�1

"
z0 �

Xm
k¼1

ak

Z tk

0
4

�
u;zn

�Z f1ðuÞ

0
h1ðw;znðwÞ Þdw

�

;zn

�Z f2ðuÞ

0
h2ðw;znðwÞ Þdw

��
du
�

þ
Z h

0
4

�
u;zn

�Z f1ðuÞ

0
h1ðw;znðwÞ Þdw

�
;zn

�Z f2ðuÞ

0
h2ðw;znðwÞ Þdw

��
du

�Y�1

"
z0 �

Xm
k¼1

ak

Z tk

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞ Þdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞ Þdw

��
du

#

�
Z h

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞ Þdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞ Þdw

��
du

�����
� Y�1

Xm
k¼1

ak

Z tk

0

�����4
�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞ Þdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞ Þdw

��

�4

�
u;zn

�Z f1ðuÞ

0
h1ðw;znðwÞ Þdw

�
;zn

�Z f2ðuÞ

0
h2ðw;znðwÞ Þdw

������du
þ
Z h

0

�����4
�
u;zn

�Z f1ðuÞ

0
h1ðw;znðwÞ Þdw

�
;zn

�Z f2ðuÞ

0
h2ðw;znðwÞ Þdw

��

�4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞ Þdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞ Þdw

������
� bE�1

Xm
k¼1

ak

Z tk

0

����z
�Z f1ðuÞ

0
h1ðw;zðwÞ Þdw

�
� zn

�Z f1ðuÞ

0
h1ðw;znðwÞ Þdw

�����du
þbE�1

Xm
k¼1

ak

Z tk

0

����z
�Z f2ðuÞ

0
h2ðw;zðwÞ Þdw

�
� zn

�Z f2ðuÞ

0
h2ðw;znðwÞ Þdw

�����du
þb
Z h

0

����zn
�Z f1ðuÞ

0
h1ðw;znðwÞ Þdw

�
� z

�Z f1ðuÞ

0
h1ðw;zðwÞ Þdw

�����du
þb
Z h

0

����zn
�Z f2ðuÞ

0
h2ðw;znðwÞ Þdw

�
� z

�Z f2ðuÞ

0
h2ðw;zðwÞ Þdw

�����du
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Now

We can also deduce that����zn
�Z f2ðuÞ

0
h2ðw;znðwÞ Þdw

�

� z

�Z f2ðuÞ

0
h2ðw;zðwÞ Þdw

�����
� 32:

Then, we obtain

jJðznÞðhÞ �JðzÞðhÞj � bT
	
2�Y�1


ð31 þ 32Þ ¼ 3:

Then Jzn / Jz as n / ∞. This mean that the
operator J is continuous.
Hence by Schauder fixed point Theorem (Goebel

and Kirk, 1990) there exist at least one solution
z 2 C[0, T] of the integral equation (3.1).

Theorem 3.3. If H1 - H4 hold, then the nonlocal prob-
lem of (1.2) has at least one solution.

Proof. Let
Pm

k¼1ak be convergent. Then

����zn
�Z f1ðuÞ

0
h1ðw;znðwÞ Þdw

�
� z

�Z f1ðuÞ

0
h1ðw;zðwÞ Þdw

�����
�
����zn
�Z f1ðuÞ

0
h1ðw;znðwÞ Þdw

�
� zn

�Z f1ðuÞ

0
h1ðw;zðwÞ Þdw

�����
þ
����zn
�Z f1ðuÞ

0
h1ðw;zðwÞ Þdw

�
� z

�Z f1ðuÞ

0
h1ðw;zðwÞ Þdw

�����
� L

Z f1ðuÞ

0
jh1ðw;znðwÞ Þ � h1ðw;zðwÞ Þ jdwþ 31

2

� 31

2
þ 31

2
¼ 31:

zmðhÞ ¼ Y�1

"
z0 �

Xm
k¼1

ak

Z tk

0
4

�
u;zm

�Z f1ðuÞ

0
h1ðw;zmðwÞ Þdw

�
;zm

�Z f2ðuÞ

0
h2ðw;zmðwÞ Þdw

��
du

#

þ
Z h

0
4

�
u;zm

�Z f1ðuÞ

0
h1ðw;zmðwÞÞdw

�
;zm

�Z f2ðuÞ

0
h2ðw;zmðwÞÞdw

��
du:

ð3:6Þ
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Take the limit to (3.6), as m / ∞, we have

Now, jakz(tk)j � jakjkzk, then by comparison testP∞
k¼1akzðtkÞ is convergent. Moreover,

Therefore,

����ak
Z tk

0
4

�
u;zm

�Z f1ðuÞ

0
h1ðw;zmðwÞÞdw

�
;

zm

�Z f2ðuÞ

0
h2ðw;zmðwÞÞdw

��
du
����

� jakjM2

and by the comparison test

X∞
k¼1

ak

Z tk

0
4

�
u;zm

�Z f1ðuÞ

0
h1ðw;zmðwÞÞdw

�
;

zm

�Z f2ðuÞ

0
h2ðw;zmðwÞÞdw

��
du;

is convergent. Using assumptions H1 - H2 and
Lebesgue's bounded convergence theorem (Kolo-
mogorov et al., 1975), from (3.7), we obtain

For the main theorems presented below, we
employ the notation

XdCðI;RÞ;
dðz;xÞdsup

h2I
jzðhÞ � xðhÞj for z; x2X;

kzkddðz;0Þ for z2X;

Using Banach Fixed Point, Theorem 2.5 to estab-
lish the existence of exactly one solution of (1.1) is
shown in the following theorem.

Theorem 3.4. Let H4- H9 be satisfied. Then the solution
of (1.1) is unique.

Proof. Firstly, we prove that the operatorJmaps C
[0, T] to itself. Let z 2 C[0, T] and h1, h2 2 [0, T] such
that h1 < h2 and jh2 � h1j � d. Then

zðhÞ ¼ 1
1þP∞

k¼1ak

"
z0 �

X∞
k¼1

ak

Z tk

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞ Þdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞ Þdw

��
du

#

þ
Z h

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du:

lim
m/∞

zmðhÞ ¼ lim
m/∞

Y�1

"
z0 �

Xm
k¼1

ak

Z tk

0
4

�
u;zm

�Z f1ðuÞ

0
h1ðw;zmðwÞÞdw

�

;zm

�Z f2ðuÞ

0
h2ðw;zmðwÞÞdw

��
du
�

þ lim
m/∞

Z h

0
4

�
u;zm

�Z f1ðuÞ

0
h1ðw;zmðwÞÞdw

�
;zm

�Z f2ðuÞ

0
h2ðw;zmðwÞÞdw

��
du:

ð3:7Þ

����
Z tk

0
4

�
u;zm

�Z f1ðuÞ

0
h1ðw;zmðwÞÞdw

�
;zm

�Z f2ðuÞ

0
h2ðw;zmðwÞÞdw

��
du
����

�MT þ 2LbT2 þ 2bTjzð0Þj ¼M2:
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jJðzÞðh2Þ �JðzÞðh1Þj

¼ jY�1

"
z0 �

Xm
k¼1

ak

Z tk

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du

#

þ
Z h2

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du

�Y�1

"
z0 �

Xm
k¼1

ak

Z tk

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du

#

�
Z h1

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du

�����
�
Z h2

h1

����4
�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du
����

�
Z h2

h1

�
b
����z
�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�����þ b
����z
�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

�����þ j4ðu;0;0Þj
�
du

�
Z h2

h1

�
b
����z
�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
� zð0Þ þ zð0Þ

����þ b
����z
�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

�
� zð0Þ þ zð0Þ

����
þj4ðu;0;0Þj�du

�
Z h2

h1

�
b
����z
�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
� zð0Þ

����þ b
����z
�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

�
� zð0Þ

����þ 2bjzð0Þj

þj4ðu;0;0Þj�du
�
Z h2

h1

�
bL
����
Z f1ðuÞ

0
h1ðw;zðwÞÞdw

����þ bL
����
Z f2ðuÞ

0
h2ðw;zðwÞÞdw

����þ 2bjzð0Þj þ j4ðu;0;0Þj
�
du

�
Z h2

h1

�
bL
Z f1ðuÞ

0
jh1ðw;zðwÞÞ jdwþ bL

Z f2ðuÞ

0
jh2ðw;zðwÞÞ jdwþ 2bjzð0Þj þ j4ðu;0;0Þj

�
du

�
Z h2

h1

�
bL
Z f1ðuÞ

0
ðjh1ðw;0Þ j þ b1jzðwÞj Þdwþ bL

Z f2ðuÞ

0
ðjh2ðw;0Þ j þ b2jzðwÞj Þdw

þ2bjzð0Þj þ j4ðu;0;0Þj�du
�
Z h2

h1

�
bL
Z f1ðuÞ

0
ðjh1ðw;0Þ j þ b1kzkÞdwþ bL

Z f2ðuÞ

0
ðjh2ðw;0Þ j þ b2kzkÞdw

þ2bjzð0Þj þ j4ðu;0;0Þj�du
� ðh2 � h1Þ

�j4ðu;0;0Þj þ 2bLM1T þ bb1LKT2 þ bb2LKT2 þ 2bN


� d
�j4ðu;0;0Þj þ 2bLM1T þ bb1LKT2 þ bb2LKT2 þ 2bN

¼ 3

102 A.A.E.-F. Darwish et al. / Trends in Advanced Science and Technology 1 (2024) 91e111



This proves thatJ: C[0, T]/ C[0, T]. Secondly, we
prove that J is contraction.
Let z, x 2 C[0, T] Then

jJðzÞðhÞ �JðxÞðhÞj

¼ jY�1

"
z0 �

Xm
k¼1

ak

Z tk

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞ Þdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞ Þdw

��
du

#

þ
Z h

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞ Þdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞ Þdw

��
du

�Y�1

"
z0 �

Xm
k¼1

ak

Z tk

0
4

�
u;x

�Z f1ðuÞ

0
h1ðw;xðwÞ Þdw

�
;x

�Z f2ðuÞ

0
h2ðw;xðwÞ Þdw

��
du

#

�
Z h

0
4

�
u;x

�Z f1ðuÞ

0
h1ðw;xðwÞ Þdw

�
;x

�Z f2ðuÞ

0
h2ðw;xðwÞ Þdw

��
du

� Y�1
Xm
k¼1

ak

Z tk

0

�����4
�
u;x

�Z f1ðuÞ

0
h1ðw;xðwÞ Þdw

�
;x

�Z f2ðuÞ

0
h2ðw;xðwÞ Þdw

��

�4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞ Þdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞ Þdw

������du
þ
Z h

0

�����4
�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞ Þdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞ Þdw

��

�4

�
u;x

�Z f1ðuÞ

0
h1ðw;xðwÞ Þdw

�
;x

�Z f2ðuÞ

0
h2ðw;xðwÞ Þdw

������du
� Y�1

Xm
k¼1

ak

Z tk

0

�
b
����x
�Z f1ðuÞ

0
h1ðw;xðwÞ Þdw

�
� z

�Z f1ðuÞ

0
h1ðw;zðwÞ Þdw

�����
þ b
����x
�Z f2ðuÞ

0
h2ðw;xðwÞ Þdw

�
� z

�Z f2ðuÞ

0
h2ðw;zðwÞ Þdw

�����
�
du

þ
Z h

0

�
b
����z
�Z f1ðuÞ

0
h1ðw;zðwÞ Þdw

�
� x

�Z f1ðuÞ

0
h1ðw; xðwÞ Þdw

�����
þ b
����z
�Z f2ðuÞ

0
h2ðw;zðwÞ Þdw

�
� x

�Z f2ðuÞ

0
h2ðw;xðwÞ Þdw

�����
�
du
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� Y�1
Xm
k¼1

ak

Z tk

0

�
b
����x
�Z f1ðuÞ

0
h1ðw;xðwÞ Þdw

�
� x

�Z f1ðuÞ

0
h1ðw;zðwÞ Þdw

�����
þb
����x
�Z f1ðuÞ

0
h1ðw;zðwÞ Þdw

�
� z

�Z f1ðuÞ

0
h1ðw;zðwÞ Þdw

�����
þb
����x
�Z f2ðuÞ

0
h2ðw;xðwÞ Þdw

�
� x

�Z f2ðuÞ

0
h2ðw;zðwÞ Þdw

�����
þ b
����x
�Z f2ðuÞ

0
h2ðw;zðwÞ Þdw

�
� z

�Z f2ðuÞ

0
h2ðw;zðwÞ Þdw

�����
�

þ
Z h

0

�
b
����z
�Z f1ðuÞ

0
h1ðw;zðwÞ Þdw

�
� z

�Z f1ðuÞ

0
h1ðw;xðwÞ Þdw

�����
þb
����z
�Z f1ðuÞ

0
h1ðw;xðwÞ Þdw

�
� x

�Z f1ðuÞ

0
h1ðw;xðwÞ Þdw

�����
þb
����z
�Z f2ðuÞ

0
h2ðw;zðwÞ Þdw

�
� z

�Z f2ðuÞ

0
h2ðw;xðwÞ Þdw

�����
þ b
����z
�Z f2ðuÞ

0
h2ðw;xðwÞ Þdw

�
� x

�Z f2ðuÞ

0
h2ðw;xðwÞ Þdw

�����
�

� bLE�1
Xm
k¼1

ak

Z tk

0

Z f1ðuÞ

0
jh1ðw;xðwÞ Þ � h1ðw;zðwÞ Þ jdwdu

þbLE�1
Xm
k¼1

ak

Z tk

0

Z f2ðuÞ

0
jh2ðw;xðwÞ Þ � h2ðw;zðwÞ Þ jdwduþ 2bkz� xkT

þbL
Z h

0

Z f1ðuÞ

0
jh1ðw;zðwÞ Þ � h1ðw;xðwÞ Þ jdwduþ bL

Z h

0

Z f2ðuÞ

0
jh2ðw;zðwÞ Þ � h2ðw;xðwÞ Þ jdwdu

þ2bkz� xkT

� bb1LE�1
Xm
k¼1

ak

Z tk

0

Z f1ðuÞ

0
jxðwÞ � zðwÞjdwdu

þbb2LE�1
Xm
k¼1

ak

Z tk

0

Z f2ðuÞ

0
jxðwÞ � zðwÞjdwdu

þbb1L
Z h

0

Z f1ðuÞ

0
jxðwÞ � zðwÞjdwduþ bb2L

Z h

0

Z f2ðuÞ

0
jxðwÞ � zðwÞjdwduþ 4bTkz� xk

� 2bb1LT2kz� xk	2�Y�1

þ 2bb2LT2kz� xk	2�Y�1


þ 4bTkz� xk
¼ 	2bLT2ðb1 þ b2Þ

	
2�Y�1


þ 4bT

��z� xk

¼ ldðz;xÞ
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Since l < 1, then J is contraction operator.
Then by Banach Fixed Point Theorem (Goebel and

Kirk, 1990), the solution z 2 C[0, T] is unique.

Remark 3.1. Under the conditions of Theorem (3.4),
if zi, i2N, are defined recursively by

then zi / z* uniformly on I, where z* is the only
solution of (1.1)

Using the assumptions of Theorem (3.4) to estab-
lish the continuous dependence of both the nonlocal
parameter ak and the initial data z0 is shown in the
following theorem.

Theorem 3.5. Let the assumptions of Theorem (3.4) be
satisfied, and suph2½0;T�

R T
0 4ðu; 0; 0Þ ¼ M3 then the so-

lution of (1.1) depends continuously on both the nonlocal
parameter ak and the initial data z0.

Proof. Let z* is the solution of the integral equation

where Y*�1 ¼ 1
1þ
Pm

k¼1
ak*
s0, such that jak � a*kj< d.

Then

z*ðhÞ ¼ Y*�1

"
z*0 �

Xm
k¼1

a*k

Z tk

0
4

�
u;z*

�Z f1ðuÞ

0
h1ðw;z*ðwÞ Þdw

�
;z*
�Z f2ðuÞ

0
h2ðw;z*ðwÞ Þdw

��
du

#

þ
Z h

0
4

�
u;z*

�Z f1ðuÞ

0
h1ðw;z*ðwÞ Þdw

�
;z*
�Z f2ðuÞ

0
h2ðw;z*ðwÞ Þdw

��
du

ð3:8Þ

ziþ1 ¼ Y�1

"
z0 �

Xm
k¼1

ak

Z tk

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞ Þdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞ Þdw

��
du

#

þ
Z h

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du
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jzðhÞ � z�ðhÞj ¼ j 1
1þPm

k¼1ak

"
z0 �

Xm
k¼1

ak

Z tk

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�

;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du
�

þ
Z h

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du

� 1
1þPm

k¼1ak�

"
z�0 �

Xm
k¼1

a�k

Z tk

0
4

�
u;z�

�Z f1ðuÞ

0
h1ðw;z�ðwÞÞdw

�
;z�
�Z f2ðuÞ

0
h2ðw;z�ðwÞÞdw

��
du

#

�
Z h

0
4

�
u;z�

�Z f1ðuÞ

0
h1ðw;z�ðwÞÞdw

�
;z�
�Z f2ðuÞ

0
h2ðw;z�ðwÞÞdw

��
duj

�
���� z0

1þPm
k¼1ak

� z�0
1þPm

k¼1ak�

����
þ
����� �1
1þPm

k¼1ak

Xm
k¼1

ak

Z tk

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du

þ 1
1þPm

k¼1ak�
Xm
k¼1

ak�
Z tk

0
4

�
u;z�

�Z f1ðuÞ

0
h1ðw;z�ðwÞÞdw

�
;z�
�Z f2ðuÞ

0
h2ðw;z�ðwÞÞdw

��
du

�����
þ
Z h

0

�����4
�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��

�4

�
u;z�

�Z f1ðuÞ

0
h1ðw;z�ðwÞÞdw

�
;z�
�Z f2ðuÞ

0
h2ðw;z�ðwÞÞdw

������du

� Y�1Y*�1

"��z0 � z*0

��þ
�����z0
Xm
k¼1

a*k � z*0

Xm
k¼1

ak

�����
#

þ
����� �1
1þPm

k¼1ak

Xm
k¼1

ak

Z tk

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du

þ 1
1þPm

k¼1ak*
Xm
k¼1

ak

Z tk

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du

�����
þ
����� �1
1þPm

k¼1ak*
Xm
k¼1

ak

Z tk

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du

þ 1
1þPm

k¼1ak*
Xm
k¼1

ak*
Z tk

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

������du

þ
����� �1
1þPm

k¼1ak*
Xm
k¼1

ak*
Z tk

0
4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��
du

þ 1
1þPm

k¼1ak*
Xm
k¼1

ak*
Z tk

0
4

�
u;z*

�Z f1ðuÞ

0
h1ðw;z*ðwÞÞdw

�
;z*
�Z f2ðuÞ

0
h2ðw;z*ðwÞÞdw

������du

þ
Z h

0

�����4
�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��

�4

�
u;z*

�Z f1ðuÞ

0
h1ðw;z*ðwÞÞdw

�
;z*
�Z f2ðuÞ

0
h2ðw;z*ðwÞÞdw

������du

106 A.A.E.-F. Darwish et al. / Trends in Advanced Science and Technology 1 (2024) 91e111



� Y�1Y*�1

"��z0 � z*0

��þ
�����z0
Xm
k¼1

a*k � z0

Xm
k¼1

ak þ z0

Xm
k¼1

ak � z*0

Xm
k¼1

ak

�����
#

þ
���� 1
1þPm

k¼1ak*
� 1
1þPm

k¼1ak

����Xm
k¼1

ak

Z tk

0
j4
�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�

;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

������du
þ 1
1þPm

k¼1ak*
Xm
k¼1

jak* � akj
Z tk

0

����4
�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

������du

þ 1
1þPm

k¼1ak*
Xm
k¼1

ak*
Z tk

0

�����4
�
u;z*

�Z f1ðuÞ

0
h1ðw;z*ðwÞÞdw

�
;z*
�Z f2ðuÞ

0
h2ðw;z*ðwÞÞdw

��

�4

�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

������du
þ
Z h

0

�����4
�
u;z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
;z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

��

�4

�
u;z*

�Z f1ðuÞ

0
h1ðw;z*ðwÞÞdw

�
;z*
�Z f2ðuÞ

0
h2ðw;z*ðwÞÞdw

������du
� Y�1Y*�1

"
d2 þ

��z0��Xm
k¼1

��a*k � ak
��þXm

k¼1

ak
��z0 � z*0

��#

þY�1Y*�1Xm
k¼1

jak � ak*j
Xm
k¼1

ak

Z tk

0

�
j4ðu;0;0Þj þ b

����z
�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�����
þ b
����z
�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

�����
�
du

þY*�1
d1m

Z tk

0

�
j4ðu;0;0Þj þ b

����z
�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�����þ b
����z
�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

�����
�
du

þb
	
1�Y*�1
Z tk

0

����z*
�Z f1ðuÞ

0
h1ðw;z*ðwÞÞdw

�
� z*

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�����du
þb
	
1�Y*�1
Z tk

0

����z*
�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
� z

�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�����du
þb
	
1�Y*�1
Z tk

0

����z*
�Z f2ðuÞ

0
h2ðw;z*ðwÞÞdw

�
� z*

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

�����du
þb
	
1�Y*�1
Z tk

0

����z*
�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

�
� z

�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

�����du
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þb
Z h

0

����z
�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
� z

�Z f1ðuÞ

0
h1ðw;z*ðwÞÞdw

�����du
þb
Z h

0

����z
�Z f1ðuÞ

0
h1ðw;z*ðwÞÞdw

�
� z*

�Z f1ðuÞ

0
h1ðw;z*ðwÞÞdw

�����du
þb
Z h

0

����z
�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

�
� z

�Z f2ðuÞ

0
h2ðw;z*ðwÞÞdw

�����du
þb
Z h

0

����z
�Z f2ðuÞ

0
h2ðw;z*ðwÞÞdw

�
� z*

�Z f2ðuÞ

0
h2ðw;z*ðwÞÞdw

�����du
� Y�1Y*�1

"
d2
��z0��d1mþ d2

Xm
k¼1

ak

#

þd1mE�1Y*�1Xm
k¼1

ak

Z tk

0

�
j4ðu;0;0Þj þ b

����z
�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
� zð0Þ

����
�

þ b
����z
�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

�
� zð0Þ

����þ 2b
����zð0Þ

����
�
du

þY*�1
d1m

Z tk

0

�
j4ðu;0;0Þj þ b

����z
�Z f1ðuÞ

0
h1ðw;zðwÞÞdw

�
� zð0Þ

����þ b
����z
�Z f2ðuÞ

0
h2ðw;zðwÞÞdw

�
� zð0Þ

����
þ2bjzð0Þj�du
þbL

	
1�Y*�1
Z tk

0

Z f1ðuÞ

0
jh1ðw;z*ðwÞÞ � h1ðw;zðwÞÞ jdwdu

þbL
	
1�Y*�1
Z tk

0

Z f2ðuÞ

0
jh2ðw;z*ðwÞÞ � h2ðw;zðwÞÞ jdwduþ 2bTkz� z*k	1�Y*�1


þbL
Z h

0

Z f1ðuÞ

0
jh1ðw;zðwÞÞ � h1ðw;z*ðwÞÞ jdwdu

þbL
Z h

0

Z f2ðuÞ

0
jh2ðw;zðwÞÞ � h2ðw;z*ðwÞÞ jdwduþ 2bTkz� z*k

� Y�1Y*�1
d1d2mjz0j þY*�1

d2 �Y�1Y*�1
d2

þd1mY*�1	
1�Y�1


Z tk

0

�
j4ðu;0;0Þj þ bL

Z f1ðuÞ

0
jh1ðw;zðwÞÞ jdw

þ bL
Z f2ðuÞ

0
jh2ðw;zðwÞÞ jdwþ 2b

����zð0Þ
����
�
du

þY*�1
d1m

Z tk

0

�
j4ðu;0;0Þj þ bL

Z f1ðuÞ

0
jh1ðw;zðwÞÞ jdwþ bL

Z f2ðuÞ

0
jh2ðw;zðwÞÞ jdw

þ2bjzð0Þj�du
þbLb1

	
1�Y*�1
Z tk

0

Z f1ðuÞ

0
jz*ðwÞ � zðwÞjdwdu

þbLb2
	
1�Y*�1
Z tk

0

Z f2ðuÞ

0
jz*ðwÞ � zðwÞjdwduþ 2bTkz� z*k	1�Y*�1


þbLb1

Z h

0

Z f1ðuÞ

0
jzðwÞ � z*ðwÞjdwduþ bLb2

Z h

0

Z f2ðuÞ

0
jzðwÞ � z*ðwÞjdwdu

þ2bTkz� z*k
� Y�1Y*�1

d1d2mjz0j þY*�1
d2 �Y�1Y*�1

d2 þ dmE*
	
M3 þ 2bLT2 þ 2b

��zð0Þ��T
	2�Y�1



þbLb1T2kz� z*k	2�Y*�1
þ bLb2T2kz� z*k	2�Y*�1
þ 2bTkz� z*k	2�Y*�1
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Hence:

Then the solution of the integral equation (3.1)
depends continuously on the nonlocal parameter ak
and the initial data z0.
Now, we present an example to illustrate the main

results.

Example 3.1. Consider the differential equation

dz
dh

¼ 1
2
ðhþ 5Þ þ 2

ðh� 4Þ2

2
66664z
0
BBBB@
Z �1

3

�Bh

sinp2 u

1þ
ffiffiffiffiffiffi
jzðuÞj

p

0

1
CCCCA

þ z

0
@Z cos Bh

0

tan
p

4
u

1þ ln jzðuÞj

1
A
3
5; h;B2ð0;1�;

ð3:9Þ

with nonlocal condition

zð0Þ þ
Xm
k¼1

k3z
�
ln k
k

�
¼ 1: ð3:10Þ

kz� z*k � Y�1Y*�1
d1d2m

��z0��þY*�1
d2 �Y�1Y*�1

d2 þ dmE*
	
M3 þ 2bLT2 þ 2bNT


ð2�Y�1Þ
1� bTð2�Y*�1Þðb1LT þ b2LT þ 2Þ

¼ 3:

zðhÞ ¼ 1
1þPm

k¼1k3

2
6641�Xm

k¼1

k3
Z ln k

k

0

0
BB@1
2
ðuþ 5Þ þ 2

ðu� 4Þ2

0
BB@z

0
BB@
Z �1

3

�Bs

0

sin
p

2
u

1þ ffiffiffiffiffiffiffiffiffiffiffiffijzðuÞjp du

1
CCA

þ z

0
@Z cos Bs

0

tan
p

4
u

1þ ln jzðuÞjdu
1
A
1
A
1
Adu

3
5

þ
Z h

0

0
BB@1
2
ðuþ 5Þ þ 2

ðu� 4Þ2

0
BB@z

0
BB@
Z �1

3

�Bu

0

sin
p

2
u

1þ ffiffiffiffiffiffiffiffiffiffiffiffijzðuÞjp du

1
CCA

þz

0
@Z cos Bu

0

tan
p

4
u

1þ ln jzðuÞjdu
1
A
1
A
1
Adu

3
5
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Set

Then

4

�
h;z

�Z f1ðhÞ

0
h1ðu;zðuÞÞdu

�
;z

�Z f2ðhÞ

0
h2ðu;zðuÞÞdu

��

�1
2
ðhþ5Þþ2

9
ðjzðh1Þjþjzðh2ÞjÞ

and also

jh2;3ðu;zðuÞÞj � 1:

It is clear that the assumptions 1e4 of Theorem 3.4
are satisfied with jcðhÞj ¼ j12 ðhþ 5Þj � 3 is measur-
able bounded, b ¼ 2

9. Therefore, by applying to
Theorem 3.4, the given nonlocal problem (3.8)-(3.9)
has a solution given by the integral solution (3.11).

4. Conclusion

Firstly we introduced the self-reference functional
integro-differential equation with nonlocal condi-
tion (1.1), and also the nonlocal problem of
functional integro-differential equation with the
infinite-point boundary condition (1.2).
Then we began our work by obtaining the inte-

gral equation (3.1) equivalent to (1.1). Then to
prove the existence of at least one solution for
both (3.1)e(1.2), we used Schauder fixed point
theorem.
Then to prove the uniqueness of the solution of

(3.1), we used Banach fixed point theorem. Then we
proved the continuous dependence on the nonlocal
parameter ak and the initial data z0 of equation (3.1).
At the end, we presented an example to illustrate
the main idea.
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