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Abstract

We present in this paper a new type of self-reference functional integro-differential equation with a nonlocal initial
condition. Also, we present a nonlocal problem of the functional integro-differential equation with the infinite point
boundary condition for more generalization. An integral representation equivalent to the functional integro-differential
equation is obtained to use the theorems needed for proving the existence, and uniqueness. Then we prove the contin-
uous dependence of the solution on the nonlocal parameter and the initial data of the equation. To prove the existence of
the solution of the equation we present the Schauder fixed point theorem for both finite and infinite boundary conditions,
and to prove that this solution is unique we use the Banach fixed point theorem. At last, we produce an example of a self-
reference functional integro-differential equation with a nonlocal initial condition to discuss the solution of that equation.
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1. Introduction

he nonlocal problem of functional differential
equations has been studied by several
researchers.

See for example Zhong and Zhang (2016); Srivas-
tava et al. (2018); Zhang et al. (2018); El-Sayed and
Ahmed (2020). Also, several studies devoted to such
differential equations have lately been published.

For instance Kolomogorov et al. (1975); Eder
(1984); Goebel and Kirk (1990); Wang (1990); Feckan
(1993); Buica (1995); Stanek (1997); Stanek (2002);
Berinde (2010); Zhang and Gong (2014); Darwish
and Araz (2015).

In El-Deeb et al. (2019); El-Deeb et al. (2020a,b,c); Ali
et al. (2023), the authors explored integral in-
equalities, which offer explicit bounds on unknown
functions, have proven to be valuable in exploring the

qualitative properties of solutions in differential, in-
tegral, and integro-differential equations.

This paper is devoted to proving the existence and
uniqueness of the nonlocal problem of functional
integro-differential equation in the form

%(n) = (p(n,c(/od)l(m hl(w,g(w))dw> 7

([ mozoian)). ver=or @

200+ al(n) =%, wel
k=1

The existence of continuous solution { € C[0, T]
under assumptions on the functional ¢, h; and h; is
studied. The uniqueness of the solution can be
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deduced when ¢, h; and h, satisfy the Lipschitz
condition. The continuous dependence of the
unique solution on both the nonlocal parameter a;
and the initial data ¢, is proved.

Moreover, as an application, we study the
nonlocal problem of functional integro-differential
equation with the infinite-point boundary condition

2. Methods

This section is devoted to presenting some basic
definitions and theorems which are needed in our
main results.

Definition 2.1. (See Kolomogorov et al. (1975)). A set
M C L is said to be convex if whenever it contains
two points { and £, it also contains the segment
joining ¢ and £.

20)+ > al(r) =%, 7EL if » _ayis convergent.
pa

k=1

Here are some assumptions which, we will use
later in our main result:

(H1) ¢:[0,T] x R*—>R satisfies Carathéodory
condition. There exists a function c(n) € L4[0, T] is
bounded and b > 0, such that
lo(n,0,8)| < c(n) +bla| +bl8l, |c(n)] <M.

(Hz) hi : [O,T] X R—R
condition, such that

satisfies Carathéodory

|hi(7h0‘)| Sla VI:1727

Hs) 2b6T1 — Y ') < 1, where Y! = — 1, —

Elk 3>)0’ 1+Zk 14k

(Hg) ¢ [0, TI — [0, T] are continuous and
nondecreasing, Vi =1, 2,

(Hs5) ¢ :[0,T] x R* >R is measurable in 1 and
satisfies the Lipschitz condition

2
lp(n.u1,12) — (1,01,02)| <BY |ui—vil, Vu,vER,
i=1

(He) hi:[0,T] x R—R is measurable in  and
satisfies the Lipschitz condition

|hi(n, ) = hi(n,u)| <bijle—u|, Vb;>0, i
=1,2, a,ueR,
(H;) A < 1, where A = 2bLT*(b; + bo)

2 - Y+ 4T,

(Hg) For all £ € CI0, T], there exists K > 0 such that
Il <K,

(Ho) fo |hi(9,0)|d) = My, My >0, Vi=1, 2.

Definition 2.2. (See Kolomogorov et al. (1975)). A
family ® of functions ¢ defined on a closed interval
[a, b] is said to be uniformly bounded if there exists a
number K > 0 such that

lp(0)| <K
forall { € [a, b] and all ¢ € ®.

Definition 2.3. (See Kolomogorov et al. (1975)). A
family ® of functions ¢ defined on a closed interval
[a, b] is said to be equicontinuous if given any ¢ > 0,
there exists a number ¢ > 0 such that [’ — {"| < 6
implies

() — (¢ <e
forall ¢, {" € [a, b] and all ¢ € .

Theorem 2.1. [Kolomogorov et al, 1975, Arzela] A
necessary and sufficient condition for a family ® of
continuous functions ¢ defined on a closed interval [a, b]
to be relatively compact in Cla, b] is that ® be uniformly
bounded and equicontinuous.

Theorem 2.2. [Kolomogorov et al, 1975, Lebesgue's
Bounded Convergence] Let {f,,} be a sequence of functions
converging to a limit f on A, and suppos

F0) <) (C€An=12,..),
where ¢ is integrable on A . Then f is integrable on A and
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tim [ fu(€)du = [

Theorem 2.3. [Kolomogorov et al., 1975, The Fixed Point]
Let A be a mapping of a metric space R into itself. Then { is
called a fixed point of A if Ax =, i.e., if A carries { into itself.

Theorem 2.4. [Goebel and Kirk, 1990, Schauder Fixed
Point] Let U be a convex subset of a Banach space X, and
T: U — U is compact, continuous map. Then T has at
least one fixed point in U.

Definition 2.4. T: U — U is called a contraction
operator if there is a constant K € [0, 1) such that

T (u1) — T (u2)| < Klug — 12
for each uq, u, € U.
Theorem 2.5. [Goebel and Kirk, 1990, Banach Fixed

Point] Let U be a closed subset of a Banach space Y and T:
U — U be a contraction, then T has a unique fixed point.

Definition 2.5. The solution { € AC[0, T] of the
nonlocal problem 1.1 depends continuously on a;
and ¢, if

Ve>0, Fd1(e),0x(e) w.m, |ax—a,]<61,|%
—Gl<o =t - <e,

where {* is the solution of the nonlocal problem

*

dg

200+l (m) =8, me(0,T).
k=1

3. Results and discussion

The equivalence of (1.1) and an integral equation
is given in the following lemma.

Lemma 3.1. Let Hy — Hy be satisfied. Then { solves
(1.1) iff

() =1 [:0 - Z [0 [ " (o200 )2 [ " 0,29 o ) )dw]

where Y71 = ,a;>0.

1
1+Z::1a"

Proof. Let { be a solution of the boundary value
problem of functional differential equation (1.1),
integrating both sides of (1.1) we obtain

=)+ [ "qo(w,c( / " hlw,:w»da)

:( /0 e hz(ﬂ,C(ﬂ))dz?) )dw

Using the nonlocal condition (1.1), we obtain

(3.2)

Cm=o(ne ([ g ) ( [Mhes o)) pson

#[Co(ws ([ mzona )1 [ mo.zona ) Yao
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then we obtain

(O = [:0 =S [ Moo ([ oz ) ([ w20 ) )dw]

Then

using equations (3.2)-(3.3), we deduce

Z(n) = 1! lco_kziuk /0 Tk(p(o),C( /0 e hlw,:(a))dﬂ),:( /0 th(ﬁ,c(a))d&) )dw]
+ /0 n(p((u,C( /0 ¢1(w)h1(19,c(19))d0>,c< /0 %(m)hzw,:w))dﬂ) )dw

Also, differentiation of equation (3.1) we obtain

—0+%{/0n(p(w, (/0¢1(('J)h1(19,1(19))d19),C(/O¢Z(w)h2(z9,C(z9))dz9> )dw}
- w(mC( / e hl<w,c<w>>dw),:( / m hz<w,c<w>>dw) )
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Also from integral equation (3.1) we obtain Using Schauder Fixed Point, Theorem 2.4 to
establish the existence of at least one solution of (1.1)
is shown in the following theorem.

CO—kzm;uk/om<p<w,c(/0¢l(w>hl(ﬂ,C(ﬂ)ﬁw),C(/fzw hz(ﬂ,C(ﬂ))dé‘))dw}
+ /0 quo(w,l( /0 e hl(ﬂ,c(ﬂ))dz?)C( /0 e hz(ﬁ,z(ﬂ))dﬁ‘))d(u

) =YY"

and

kﬁ;ukx(rk) =Y ki;ak [Co - zm:ak/ofk ® (%C(/O%(w) hi (9, C(z?))dﬁ)

k=1

4 < /0 e h2(0,Z(0))d19> )dw]

4 :Zl“"/ork <p(w,c(/ow hﬂz%C(z?))dz?),C(/O%(w) hz(ﬂ,C(ﬁ))dz?) )dw

Then

- <1+k§m;ak> [CO—kzm;ak/ofk¢(w,§</0¢l(w)h1(19,C(19))d19>,C(/O(PZ(M)hz(ﬂ,C(ﬂ))dﬂ) )dw}
+kf;uk/07k<p<w,c(/od)l(w)hlw,:(&))da),:(/OW hz(ﬁ,C(ﬂ))dz?))dw

- iak [o(ox( [ " (0.0 ). [ e 10,5000 ) Yo
+§uk/07k<p(<u,C(/0¢1(w)h1(19,5(19))d0>,C(/OMM) hz(z?,C(z?))d19>>dw

=&
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Theorem 3.2. Let Hq - Hs be satisfied, then (1.1) has at S ={(eR:[K(n)—¢(w)|<Lln—w| Vn,wel0,T]},
least one solution. M +2bE-[%,|

Proof. Define the operator W associated with the L T1+20TE ' —4bT
integral equation (3.1) as

W) =1 [ - Z [Fo(ox( [ " m(o.zoa0 ) (| " (0. 2(0)a ) )dw]
w0 [ e m(o.zo ) (| e (0,200 ) )

and define the set Sy by Then we have for { € C[0, T]

’mc(n) ~ |y [C‘]_g;ak /0 quo(w,z( /0 e h@,:(a))m)g( /0 e hz(ﬁ,C(ﬁ))dﬁ))dw]

+

[o(os( " m(o.zonar )¢ [ e (0.0 ) )o|

Y1) + 01 za / q)(w,:( / e hlw7:w>)d0),:( / " hzw,cw»aw) ) ]dw

= [oox( [ " (0,200 )¢ / " hzw,cw»dﬂ)) o

Y G|+ Y 1Zuk/ w)dw + bE~ </¢ ; :(0))010) ‘dw

+ bE‘lzak c(/w )hz(z‘},C(ﬂ))dﬂ) dw+/0nc(w)dw

Tk

IN

IN

ﬂk

N ( / n C(z?))dz?) ’ ' :( / e hz(ﬁ,C(ﬁ))dﬁ) .dw
< r1|:0|+r1§ak/0 c(w)dw + bE~ ak </ :(0)){119)&(0)‘(1&)

+ bE! i ax

k=1

£(0) |der+ 26E™ D "ag | [£(0)]des
([ hiosone)- ] S [
+ /77 c(w)dw+b O"C</O¢1<w>hl(0,cw))dﬂ>_g(o)‘dw

(/¢2 ©) g(ﬂ))dt?) ~2(0) 'dw+2b/n|C(0)|dw

$1(w )

hy (9, 8(2))dv

dw

IN

Y|+ MT (1 —Y7") + BLE™ Zak

/ P a(9.£(9))d0|deo + 26TIZ(0) (1-17)

/ " 9,200 ’dw
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m % Lo1(w)
< Y’1|C0\+MT(2—Y’1)+bLE‘1Zak/ / |h1 (9, ¢(9))|dddw
k=1 0 Jo
m Tk éa(w) )
- BLETY g / / Iha (9, £(9))|d9der + BL / / Il (9, £(9)) | dode
k=1 0 0 0 0

n ()
* ”L/ / [ha(9, £(9)) [ d0do +2bT(5(0)| (2 - Y)
0 0

< YU+ MT (2 — Y1) + 2bLT2(2 — Y1) + 2bT[£(0) (2 — Y7 (34)

Using equation (3.3) we obtain

o) =[xz —Z [Fo(ox( [ " (.o ) 2 [ " (6. 2(0)a ) )]dw
<Y g e Z [0 [ " m(o.zoa0 ) (| e (0,200 ) ) |do

<Y+ Y 1iak/07k o a))+b‘§</0¢l<w)h1(0,:(0))d0> ‘+b‘c</0¢2(w)h2(0,:(0))d0) Hdw

k=1

<Y Yo+ Y Zm:
+b’c( 0 w)hz(ﬂ,C(ﬁ))dﬂ) —:(0)‘+2b[§(0)|}dw
gr1|:0|+r—1zm:uk /U ! [C(w)—i—bL’ /O n hl(ﬁ,c(d))dﬁ'

k=1

$2(w)
+bL / hz(z?,C(ﬂ))dz?‘ +2b\C(0)@dw
0

m Tk $1(w) b2 (w)
<l 0> [ ety b1 [ .o o b1 [ .20 o
k=1 0 0 0

+2b|:(0)|]da)

<Y 7MG| + [MT +2bLT? + 26T |Z(0)[] Y™ ap = Y7 [Go| + [MT + 2bLT? + 2bT[£(0) [] (1 — X )
k=1
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Then

Y!|go| + MT +2bLT? — MTE " — 2bLT?Y !

<
0] = 1—2bT +2bTE!

=N.

(3.5)

From equations (3.4)—(3.5), we obtain

<yl _y-1 2 *
WL(n)| <Y G|+ (2-Y )(MT+21’LT +20T 1—2bT + 2bTE"

MT + 2bLT? + 2bT || Y
2 _y-1
=Y C"“( 1— 25T 1 2bTE >(2 )
Y Y¢o| + MT — MTE™ + 2bLT? — 2bLT?Y™" (M +2bLT +20E""[¢|
B 1-2bT +2bTE? 1—2bT + 2bTE!
_ YY¢| + MT — MTE™" + 2bLT? — 2bLT?Y "
N 1—2bT +2bTE!

Y (%] +MT +2bLT? — MTE" — 2bLT2r—1>

+LT

Now let 0y, 72 € (0, T, such that |7, — 14| < 6, then

[WC(n,) — WL(ny)|

[To(wx( [ e (.o )¢ [ " (0,200 ) ) do
- [Mo(ox( [ " m(o.zo)a0 ) (| Y (0,200 ) )do
< /]q)(w:( / e oz ). [ " (020 ) )

</: :c(w)+b‘:(/jl(w)hl(ﬂ,c(ﬂ))dﬂ) ‘+b‘:</ﬂ¢zw hz(ﬂ,C(z?))db‘) Hdm

< ["etwr+ofe( | e (.00 ) <0 |+ | Y (9. 20 ) ~2(0) | +2[2(0)

ba(w

m 1(w) )
g/ c(w)+bL/0¢ |h1(0,c(0))|d0+bL/0 |h2(0,:(0))|d0+2b]:(0)|}dw

< M(n, —m) +2bLT (0, — m1) +2b[Z(0)[(ny — m1)

Y '|¢| +MT +2bLT? — MTE™" — 2bLT?Y !
< — — _
< M(my = 1) +2bLT (n — 1) +2b(m, — 1) ( T 2bT T 25TES )
- M + 2bLT + 2bE " ||
< O =m)\ " optE T — 20T

<Lo
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This proves that W: S; — S;, and the class {¥{} is
uniformly bounded and equi-continous in S;.

Let ¢, € 51, {, — {(n — ), then from continuity
of ¢ and h;, we obtain

(1, Ca(n), £a(M) — @(n, E(n), (1)), and hi(n, L.(n))
= hi(n, L) Vi=1, 2.

Also

99

W(E,) ()~ W) ()] = 1 [co S [Co(0n( [ " In(0.5,(0))a9 )

k=1

a [ mosona) Ja)

# o [ mo o) [T mo.s00w ) )

S [ v
o o) o [ o) o
<r S [o(ws (/¢ (9, 2(9))d )c(/ﬂ¢2(w)hz<0,c<m>d0>>
([ n ) [ o)
# [ [ )hlw,cnw»da) a( [ o now))
oot [ mozona ) ([ moconw))

< bE‘liuk/Tk :(/W) hl(ﬁ,C(ﬂ))db‘) —gn(/jl(m hl(ﬂ,cn(ﬁ))dz?) ‘dw

+bE~ 1zm:ak/T (/Oasz(w) 0 ,C(ﬁ))dl‘}>—Cn</0¢2(m)hz(19,cn(0))d0> ‘dw
</0¢1‘” W") C(/O(ﬁl(w)hl(ﬂ’ﬁ(l?))dﬂ)‘dw

(/ﬁ )‘w) C</0¢2(w) hzw,cw»w) }dw

0
s
(
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Now

Ay " (o500 ) -2 | " i (9.20))d0 )|
:,,( / " hlw,cnwndﬂ) - :n( / " h1(1’7C(19))d0> ‘
cn(/fw hl(o,gw))w) _:</0¢1(M) hl(zﬂ,C(z?))df}) ‘

¢1(w)
<L / I (9,50(9) ) — by (9,2(9) ) |0 + 2
0

<

+

2
We can also deduce that Then W¢, — W{ as n — co. This mean that the
o) operator ¥ is continuous.
¢, (/ ha(9,8,(9) )di}l) Hence by Schauder fixed point Theorem (Goebel
0 and Kirk, 1990) there exist at least one solution
by () ¢ € Cl[0, T] of the integral equation (3.1).
(7 mzona )|

0 Theorem 3.3. If Hy - Hy hold, then the nonlocal prob-

< &. lem of (1.2) has at least one solution.

Then, we obtain

(W (&) () = P ()] ST (2= Y7) (o1 + &) =e.

Proof. Let Y- ax be convergent. Then

Luln) = X1 [:0 - Za / ”w(w@m( / "l 0.50(0) w),:m( / " 1. 5,) )do) )dw]

+ /0 n<p(w,cm< /0 e hl(ﬁ,cmw))do),:m( /0 e hz(ﬁ,gm(ﬂ))do) ) o
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Take the limit to (3.6), as m — oo, we have

lim¢,(n) = limY™*

m— oo m— oo

Lo ( /0 e hz(ﬂ,cm(ﬂ))dé‘) )dw] (3.7)
wam [Tz [ mozaonan) gl [* 10.2u000) o

Now, |a ()| < |ax/|[¢||, then by comparison test
> rqarl(tx) is convergent. Moreover,

[o(wa( ] " (0. u)0 ) 2o [ " (0. 50(0))d0 )dw]

< MT +2LbT? + 2bT|%(0)| = M.

Therefore, For the main theorems presented below, we
employ the notation

Tk $1(w)
o /0 ¢(w,cm( /0 mw,zmw»dﬂ), =,

=C(I,R),
o) d(%,€)=sup[C(n) —&(n)| for {E€E,
2(@ nel
Cm</0 hz(z?,lm(ﬂ))dﬁ‘) )dw‘ I¢ll=d(,0) for (€&,
< |ax|M, Using Banach Fixed Point, Theorem 2.5 to estab-
lish the existence of exactly one solution of (1.1) is
and by the comparison test shown in the following theorem.
o " $1(w) Theorem 3.4. Let Hy- Hy be satisfied. Then the solution
Zﬂk/o ¢<w7Cm (/0 h1(197Cm(19))d0>, of (1.1) is unique.
k=1
$a(w)
Com < / hy (9, Zm(ﬂ))dz‘}> )dw, Proof. Firstly, we prove that the operator ¥ maps C
0

[0, T] to itself. Let £  C[0, T] and 14, 7, € [0, T] such

. . . — < 0.
is convergent. Using assumptions H; - H, and that 71 <z and [ = m| < 0. Then

Lebesgue's bounded convergence theorem (Kolo-
mogorov et al., 1975), from (3.7), we obtain




102 A.A.E.-F. Darwish et al. / Trends in Advanced Science and Technology 1 (2024) 91-111

W () (m2) — () (m)|

o3 oo [ o zona ) ([ mio.onm) )dw]
t[Tooe( [ mozona ) ([ wao.conar) Jao

g oo ) [ ) o
[Mo(os( [ mozona ) ([T mao.zonar) Jaw
Ll [ ) [ o) o

g/: [b‘§</0¢l(w)h1(0,5(19))d0> ‘+b‘:</0¢2(w)h2(0,C(0))d19> ‘+|(p(w,0,0)|]dw

</ M:( / e (0,200 ) ~2(0) +£(0) \ +b‘:( / e (0. £(0)d0 ) ~2(0) +2(0) \

= |r—1

+|<p<w,o,o>]dw

<[ bl<( [ " (.00 ) <0 | +ofe( | " (0. 0)9 ) (0 |+ 260)

+|o(w,0,0)||dw

T
<[
m L

M #1(w) $2(w)
< [Clo [T o zopia o | |h2<0,:w>>|d0+zb|c<o>+|<p<w,o,o>|}dw
m L 0 0

D

b1 (w) b2 (w)
[ mzonas | o] [ .20 | + 20001+ o(0.0.0) o
0 0

mr $1(w) b2 (w)
< [Tt [T im0 b)) +oL [ (ha0,0)|+ balco) o
m L 0 0

L2E0)] ¢ o(,0,0)
" #1(0) $a2(w)
L L
</, o [ .0+ o 6L [ (0,00 + bl o
L2 +10(0,0,0) a0

< (m, — m)[|@(®,0,0)| +2bLM; T + bb; LKT? + bb,LKT? + 2bN |
< 6[|@(,0,0)| + 2bLM; T + bb, LKT? + bb,LKT* +2bN | = ¢
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This proves that W: C[0, T] — CI0, T]. Secondly, we
prove that W is contraction.
Let ¢, £ € CJ0, T] Then

[W(C)(n) —W(E)(n)]

oo [ moso dﬂ)é(/ dﬂ))i
[ </ o)
([ s )C(Mh )]
e miosonan) e [ moozonan)
+b‘§</0¢2<w)h2(0,:(0))d0) g(/w >h2(0,5(0) do >Hdm
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/ (
/ " (o200 ) ([ ™l 2) o )|

+
s
o ¥y
N\
o\

NS
=
)
—~
e
X
—~
<
SN~—
=
<
N———
|
g
N\
N
S
oyl
)
—
S
X
—~
<
S—
=
)
N———
| IS

SHLETS ay / (9, E9)) — I (9,2(9) ) |d0dor

k=1 0 Jo

m Tk ¢2(m)
HLETY o / / ha(9,£(9) ) — ha(9,2(9) ) [d9deo + 2b]|¢ — £ T
0

+bL/ /% Y I (9,2(0)) — I (9,209 |d0dw+bL/ / e  a(0.5(9) ) [d0do
+2b||I - €T
< bbyLE- Zak / / e 9)|dddw
k=1
+bb,LE Zak/ /(p2 9)|dddw

$1(w $2(w
+bb,L // 9)|dddw + bb,L // V) |dddw + 4bT || —&||

<266, LT?||C —£[[(2 — Y1) + 2bb,LT?|[ — £]| (2 — Y1) + 4bT || — ]|
= (2bLT*(by +b,) (2— Y1) +4bT) || — ¢
=2d(Z,€)
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Since 4 < 1, then W is contraction operator. where Y = Hi;mu‘?‘:o, such that |ax— a;| <é.
Then by Banach Fixed Point Theorem (Goebel and ~ Then et
Kirk, 1990), the solution { € C[0, T] is unique.

Remark 3.1. Under the conditions of Theorem (3.4),
if {;, ieN, are defined recursively by

Cia=Y"

£ - Za [o(o( [ " a(0,89) o )< [ " (0,29 o ) )dw]
+ /0 n(p(m,(( /0 e hl(l‘},:(ﬁ))dﬂ),c< /0 e hz(o,:(o))do) )du)

then {; — {* uniformly on I, where {* is the only
solution of (1.1)

Using the assumptions of Theorem (3.4) to estab-
lish the continuous dependence of both the nonlocal
parameter a; and the initial data ¢, is shown in the
following theorem.

Theorem 3.5. Let the assumptions of Theorem (3.4) be
satisfied, and sup, .o 1 fOT ¢(,0,0) = M3 then the so-
lution of (1.1) depends continuously on both the nonlocal
parameter ay and the initial data ¢

Proof. Let {* is the solution of the integral equation

x—1

=Y

-/ "¢(w,c* ( / " 0.2 9) >cw),:* ( / " .2 ) )dﬂ) )dw

(3.8)
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+/0"<,,<w,:</o¢l(w)hlw,:w))w),:(/0¢2(w)h2(0,:(19))d0> >dw
- +Zk — lco Zak / (w,c*( / %(M)hl(ﬂ,c*(ﬁ))dﬂ),c*( / %((”)hz(ﬂ,c*(ﬁ))dﬂ))dw]
_/On(p(w,g*(/0¢1(w)h1(19,c*(0))d19>,C*</0¢2(w)h2(0,§*(0))d19>)dw|

S -
1+ E;(nzlak 1+ kazlllk*

Lol [ s [ woon)
s ([ mosom ) [ o)

<y 'y!

+

|:0—C;| + |

a
1+Zk 1akz x
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/N /8\
P
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c\
§
Q..
5
N——
o~
7N
o\
s
- <
N
—~
N3
o~
52
=
u
<

dk/
1+Zk K =

+

1+Zk 1I/'lk P

1+Zk 1le k 1

Yaf
o[

1+Zk " k - / (w,C /0¢1 dl‘/‘),C(/0¢2<w)h2(0,:(0))d0>>dw
/ :

T
1+Zk 1llk k 5

2)<(
of e[ dl’)@( W))
Y (wvg*( /0 e hl(ﬂ,c*(é)))d0>,c*( /0 = hz(o,:*(o)w))‘dw
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<y iy

|Co—%o| +

COZ“Z_COZﬂk‘FCoZQk—C;Zuk ]
k=1 k=1 k=1 k=1
1 w)
+‘14&)?1@ 1+Zk 1 Z“k/ |(P(w C(/ (0,:(0))010)

,C(/ﬂw hz(ﬂ,C(ﬂ))dﬂ) ) ’dw

a
1+Zk1k Z| ‘

k=1

e bz (i)
S [z ) o[ o) o
LR [ b))
e[ b [ b come) o
ot ol St + o
S Y [ floo0.040fz ([ o200 )|
(o)
0 am [ lotw.0.0ofe( [ moo.zonao ) [role( [ .z ) |[ao
o) [l (| " mo.c o) ) ¢ ( [ " (0,200 ) |do
o) [l (f " (o, ) (| " (9,200 ) |do
ro-x ) [ ([ o) -2 ([ wo.cona )

(

+b(17r**l)/07k ¢ /0¢2(w)h2(0,C(0))d0> §</0¢2(w>h2(0,C(0))d0> ‘dw

<Yy y*
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+b/017 ¢ /0% )—:(/04)1((0);11(0,:*(0))010) ‘dw
+b/0"c /jl >—C*(/O¢I(w)h1(0,c*(0))dz9> ‘dw
+b/017 ¢ /0¢2 ) —:(/0¢2<w)h2(0,:*(0))d0) ’dw
+b/0n: /04)2 )dﬂ) ¢ (/Oww)hzw,z*w))da) ‘dw

< Y-yt ! 52|Co |61m + 0, Z ak‘|
k=1

ComEY z [ w00 ( | " I (9.50)0 ) 200 H

+b\:( / " hzw,:w»d&) ~(0)

oo [ [¢<w,o,o>| s b]:( / e hlwwndﬂ) ~(0) \ +b\:( / " hzw,cw»dﬁ) ~x0) ]

+2b|§(0)|‘dw

(
(
(
(

+21[z(0)] ] do

Tk ¢1(w)
+bL(1_Y*71)/ / |11 (9,8 (9)) — h (9,£(9)) |ddde
$2(w)
HLA-TT) / / ha(9,8(9)) — ha(9,(9)) | ddde + 26T | — || (1= Y"7)
H’L/o /0 [11(9,£(9)) — ha (9,87 (9)) |[dddew
n ¢ (w) . *
+”L/ / h2(9,4(9)) — h2 (9,87 (9)) |[dd¥dew + 26T || = ||
0 0

<YYo 6m|G| + Y e — Y s,

N Tk $1(w)
+omY” 1(1 — Yﬁl) / {|(p(w,0,0)| + bL/ |h1 (9, Z()) |4
0 0

}dw

$1(w) $2(w)
e 161111/ [ ©,0,0) |+bL/ |h1(19,1(0))|d19+bL/ s (9, 2(9)) |0
0

$a(w)
+bL/ Iha(9,2(9)) |d0+2b’:(0)

+2bJ2(0 >|]

$1(w
L (1-Y"7) / / 9)|dodw
+DLb, (1 - Y”// 9)|dddew + 26T - (1= ")
¢1(w $2(w
+bLb, / / 9)|dddw + bLb, / / 9)|dvdw
+2bT|C - ||

<Y T Sy8m|Co| + YT 6, — YT T8y + GmET (M + 2bLT? 4 2b[2(0)|T) (2 - Y 7)
HOL T2~ (2= Y7 + BLB, T~ (2 - X7 + 26T - (2~ Y )
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Hence:

109

Y T 6,6,m G|+ YT 8y — YTIY T8y 4 6mE” (Ms +2bLT2 4 2bNT) (2 — Y1)

IE =l < o=
1—bT(2—Y"")(bLT +b,LT +2)

= E&.

Then the solution of the integral equation (3.1)
depends continuously on the nonlocal parameter a;

and the initial data &,.
Now, we present an example to illustrate the main

results.

Example 3.1. Consider the differential equation

dg 1
- E(’?+5)+

By
1 sin%u
¢ /3 T/l
0

2
(n—4)

B tanﬂu
cos By —
4
+:(/0 1+1n:(u)|”’ 1.BE(0.1],

(3.9)
with nonlocal condition
z(0) +§m:k3:(M) =1. (3.10)
k=1 k

) mk3 In k 1 5 2 3 Siniu i
T v i o B B W e

™

~cos Bs tanzu
—=
”(/0 T+ In 0"

T
cos Bo  tan—u
4 4 d
+:</0 T ] ™ )) ‘“]
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Set

<p<n,:< /0 e hl(u,C(u))du>,C< /0 = hz(u,C(u))du>>

By o

1 2 (%) smEu cos BtTr

S(m+5)+ / — | + (/ —ul+1 )

5 (n+5) Ty g O] YA n [¢(u)
Funding

Then

o(me( [ miwzoan) ([ mawswan) )

<3 (n+5)+ 50|+ £00)

and also

|has(u, C(u))] < 1.

It is clear that the assumptions 1—4 of Theorem 3.4
are satisfied with |c(n)| = [}(n+5)| <3 is measur-
able bounded, b = 2. Therefore, by applying to
Theorem 3.4, the given nonlocal problem (3.8)-(3.9)
has a solution given by the integral solution (3.11).

4. Conclusion

Firstly we introduced the self-reference functional
integro-differential equation with nonlocal condi-
tion (1.1), and also the nonlocal problem of
functional integro-differential equation with the
infinite-point boundary condition (1.2).

Then we began our work by obtaining the inte-
gral equation (3.1) equivalent to (1.1). Then to
prove the existence of at least one solution for
both (3.1)—(1.2), we used Schauder fixed point
theorem.

Then to prove the uniqueness of the solution of
(3.1), we used Banach fixed point theorem. Then we
proved the continuous dependence on the nonlocal
parameter a; and the initial data ¢, of equation (3.1).
At the end, we presented an example to illustrate
the main idea.
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